We calculate the local Green function for a quantum-mechanical particle with hopping between nearest and next-nearest neighbors on the Bethe lattice, where the on-site energies may alternate on sublattices. For infinite connectivity the renormalized perturbation expansion is carried out by counting all non-selfintersecting paths, leading to an implicit equation for the local Green function. By integrating out branches of the Bethe lattice the same equation is obtained from a path integral approach for the partition function. This also provides the local Green function for finite connectivity. Finally, a recently developed topological approach is extended to derive an operator identity which maps the problem onto the case of only nearestneighbor hopping. We find in particular that hopping between next-nearest neighbors leads to an asymmetric spectrum with additional van-Hove singularities.
Introduction
The Bethe lattice plays an important role in statistical mechanics and condensed matter theory. It is defined as an infinite tree graph in which each vertex has Z edges, such that any two vertices are connected by only one shortest path, as shown in Fig. 1 . Several physical problems involving interactions and/or disorder can be solved exactly for the Bethe lattice due to its recursive structure, e.g., Ising models [1, 2] , or Anderson localization [3] [4] [5] [6] . Furthermore the Bethe lattice is useful as a model for the electronic structure of amorphous solids [7] ; see [8] for a recent application.
In this article we study the spectra of tight-binding Hamiltonians with hopping between nearest (NN) and next-nearest neighbors (NNN) on the Bethe lattice. In this context the standard methods of solid-state physics which are based on Bloch's theorem cannot be directly applied. This has led to the development of several alternative approaches to calculate the tight-binding spectrum for NN hopping on the Bethe lattice [9] [10] [11] [12] [13] [14] . However, some of these methods become very complicated for hopping beyond NN due to the proliferation of hopping paths. Below we apply and further develop several different calculational schemes to determine the Green function in the presence of both NN and NNN hopping.
In terms of the quantum-mechanical single-particle operator |i j|, which removes a particle from site j and recreates it at site i, the general, translationally invariant hopping Hamiltonian on the Bethe lattice has the form
Here hopping processes between two sites i and j are classified according to their topological distance d i,j , i.e., the number of nearest-neighbor steps of the shortest path between i and j. We will also allow for an alternating on-site energy i ,
where i depends only on the sublattice γ = A, B of the bipartite Bethe lattice to which i belongs. In correlated systems, e.g., for the Hubbard model, on-site energies (2) may be used to detect antiferromagnetic symmetry breaking. A well-defined limit for infinite coordination number Z results if the hopping amplitudes and Hamiltonians are scaled according to [15] 
where K = Z − 1 is the connectivity. In the limit K → ∞ dynamical mean-field theory (DMFT) [16] [17] [18] [19] [20] [21] becomes exact. In particular for the Hubbard model the self-energy is then local in space and may be obtained from a single-impurity problem with self-consistency condition [20] . In recent years DMFT for the Hubbard model on the Bethe lattice has greatly helped to understand the Mott transition from a paramagnetic metal to a paramagnetic insulator at half-filling [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . For the paramagnetic phase to be stable the antiferromagnetic low-temperature phase of the Hubbard model needs to be suppressed by frustration; only then the Mott transition is observable. This can be achieved by including random hopping beyond NN [20, [27] [28] [29] [30] . In this case the density of states (DOS) remains semi-elliptic, implying that the Mott transition in the paramagnetic phase is unchanged. On the other hand, for nonrandom NNN hopping the DOS is usually asymmetric, and this is also the case for the Bethe lattice [14] . Moreover, an asymmetric DOS is known to stabilize ferromagnetism away from half-filling [31] [32] [33] .
Here, as a prerequisite for any investigations of frustrated interacting or disordered systems, we will study the noninteracting Hamiltonian with (nonrandom) NN and NNN hopping
and obtain its local Green function G i (z), defined for Im z = 0 by
paying special attention to the limit K → ∞. Note that due to translational symmetry of the infinite Bethe lattice G i (z) =: G γ (z) depends only on the sublattice γ of i. We recall that for only NN hopping the local Green function for sublattice γ is given by [11] 
where x = (z − A )(z − B ) and the square roots are given by their principal branches. The derivation of the local Green function for t 1 -t 2 hopping will proceed as follows. In Sect. 2 we use the renormalized perturbation expansion (RPE) [11] to obtain a closed set of equations for G ∞ γ (z), which are also related to the DMFT selfconsistency equations. The RPE method is well-suited for the Bethe lattice due to its recursive nature, although the classification of paths for t 2 = 0 is rather involved. We show how to use the RPE result to establish the asymmetry of the DOS. On the other hand, in Sect. 3 we use the many-body path integral approach [34] to derive an exact effective action by a recursive method. This also yields closed equations for the local Green functions G γ (z) for any coordination number Z. Furthermore a surprising algebraic relation between Green functions for finite and infinite Z is uncovered. Finally, in Sect. 4 a recently developed topological method [14] is extended to include H loc . We derive an operator identity, valid for any Z, that allows one to express G γ (z) in terms of the known solutions (6) for only NN hopping. Our results for the local Green function are discussed in Sect. 5. A conclusion in Sect. 6 closes the presentation.
Renormalized perturbation expansion

Dressed expansion for the local Green function
In this section we obtain an equation for the local Green function (5) using the renormalized perturbation expansion (RPE) [11, 35] . In this approach the Green function
where we omit the argument z for the moment. This expansion contains terms in which site indices are repeated. In a graphical representation this corresponds to paths in which some lattice sites are "decorated" with closed paths [11] . One can omit these decorations at the first site i by replacing G loc i by the full local Green function G i . At the next site k, however, the decorations at site i must not be repeated, leading to the replacement of G loc k by the local Green function with site i removed, i.e., by G
Repeating this process one obtains
where the primed sums are now only over non-self-intersecting paths. The RPE is particularly useful in the limit Z → ∞ which allows the replacement G
This yields an equation involving only local Green functions,
For the case of two sublattices with on-site energies A , B we thus obtain two coupled equations (γ = A,B; A = B,B = A),
This is a closed system of implicit equations for the local Green functions G ∞ γ (z). Note that the self-consistency equations of DMFT are essentially contained in Eq. (10) . In DMFT the self-energy is local [20] , Σ ij (z) = Σ γ (z)δ ij for i ∈ γ, and the local interacting Green function
is the Weiss field of an auxiliary single-site problem for sublattice γ. From Eq. (10) one thus obtains the self-consistency equation
Here spin indices were suppressed for simplicity. Detailed discussions of DMFT self-consistency equations can be found in Refs. [14, 20] .
2.2 RPE for t 1 -t 2 hopping on the Bethe lattice
For the remainder of this section we consider the Bethe lattice in the limit Z → ∞. As a standard example, we first consider only NN hopping (6) . Since no closed loops are possible, the only allowed non-selfintersecting paths are visits to one of the Z NN sites which return immediately. This yields the well-known equation [11] 
where the solution is a special case of Eq. (6). We now proceed to the case of t 1 -t 2 hopping, for which the evaluation of the square bracket in Eq. (9) is more involved, since it requires the enumeration [26, 36] of several classes of closed non-self-intersecting paths which begin and end at site i. First we note that at each site j ( = i) on the path it is possible to make a detour within the same shell, i.e., to one of the yet unvisited NNN sites k of j with same distance Fig. 2a . In the limit Z → ∞ we can take these detours into account by replacing
and only considering non-self-intersecting paths that change shells in every step. Such shell-changing, nonself-intersecting paths are referred to as proper paths from now on. They may be drawn using simplified Whenever two neighboring sites j and k have been visited, with j further away from i than k, all sites on j's branch further away from i than j cannot be visited.
This rule, which is illustrated in Fig. 2c , is due to the tree-like structure of the Bethe lattice and the requirements that the paths are non-self-intersecting, involve only NN or NNN steps, and change shells in every step. It is not affected by intra-shell detours contained in G ∞ γ . Therefore a sequence of outgoing NNN steps, starting at a site in shell 0 or 1 and terminated by a NN step must be followed by a NNN step going inward until shell 1 or 0, respectively, is reached. We are thus led to the following classification of proper paths by their outermost shell s max , as shown in Fig. 3 and listed in Table 1: (a) An even shell s max is reached by taking NNN steps. After taking one NN step inward the path must return towards i until reaching shell 1 due to rule (14) . Then the path may turn outward again, finally using a NN step (a1) inward or (a2) outward to reach i's sublattice and return. The reverse path is also possible, but in case (a1) may be identical.
(b) An odd shell s max is reached by taking NNN steps and one NN step outward. After returning to shell 1 due to rule (14) , one may turn outward again in (b1) and (b2) similar to (a1) and (a2). The reverse path is also possible, but in case (b2) may be identical.
(c) Whereas (a) and (b) involve at least one NN step, there is also one proper path involving no NN step; it visits a NNN site and returns immediately.
Note that paths that start with a NN step are included in the inverted paths mentioned under (a) and (b). The contributions of all proper paths are also collected in Table 1 , and their sum is Eqs. (10) and (15) (15), taken together with (11), fully determines the DMFT self-consistency equation for t 1 -t 2 hopping on the Bethe lattice. This result differs [14, 36] from the self-consistency equations employed in Refs. [20, [27] [28] [29] [30] , which apply only to random hopping.
The result (15) can immediately be used to determine the moments M n of the density of states. For the case A = B = 0 we have the large-z expansion
Multiplying Eq. (10) by G ∞ γ , inserting Eq. (16), and comparing coefficients of powers of z we find
revealing at once that the DOS ρ ∞ ( ) is asymmetric for t * 2 = 0 [26] , in contrast to the case of random hopping [20, [27] [28] [29] [30] .
Clearly the RPE is well-suited for the Bethe lattice because rule (14) represents a strict constraint on proper paths. However, already for the case of t 1 -t 2 hopping the RPE requires some care. Furthermore, the enumeration of paths for hopping beyond NNN, or for Z < ∞, is likely to be very tedious. Another drawback is that the RPE only yields an implicit system of equations for the local Green functions. Below we derive explicit expressions for them via a different route. 
3 Path-integral approach
Green function as path integral
In this section we use the standard many-body path-integral approach to the local Green function. For non-interacting spinless fermions with Hamiltonian H loc + H kin the action is [34]
where c i (τ ), c i (τ ) are Grassmann variables. Fourier transforming to fermionic Matsubara frequencies, ω n = (2n + 1)πT , we obtain S = n ij t ij + ( i − iω n − µ)δ ij c in c jn , i.e., the functional integral factorizes with respect to n. We thus consider a fixed Matsubara frequency, set z = iω n + µ, and omit the index n. The local Green function is then given by
Note that for this non-interacting system the many-body Matsubara Green function is independent of the temperature T and coincides with the Green function defined in Eq. (5).
Decomposition of the action for t 1 -t 2 hopping on the Bethe lattice
We now consider t 1 -t 2 hopping on the Bethe lattice as in Eq. (4). In this case the following decomposition of the Bethe lattice turns out to be useful. For two NN sites i and j we let Z(i|j) denote the set of NN sites of i, but with site j omitted. Furthermore B(i|j) shall denote the sites on all the branches which begin at the sites in Z(i|j) and lead away from i. These definitions are illustrated in Fig. 4a . Now consider a partial trace where we integrate out the Grassmann variables for the sites in B(i|j), i.e., all the sites connected to i except for those on the branch starting at j. We thus define, for NN sites i and j, 
S(i|j) = k∈B(i|j)
i.e., we include only the part S(i|j) of the action in the trace that involves Grassmann variables on the branches B(i|j). As a consequence, the only Grassmann variables remaining in Ξ(i|j) are c i , c i and c j , c j .
Because they are connected to other c k , c k in S(i|j) only linearly, Ξ(i|j) is of Gaussian form,
for i ∈ γ, j ∈γ. Here the coefficients in the exponent depend only on the sublattices to which i and j belong, due to the translational invariance of the infinite Bethe lattice. These coefficients will be determined below.
The partial trace in Eq. (20) serves two purposes. On the one hand the local Green function (19) can now be written as a trace over i and a neighboring site j, together with their respective partial traces and the remaining parts of the action,
This equals (19) because, when considering the two neighboring sites i and j, Ξ(i|j) contains the contributions of all the sites "behind" i, whereas Ξ(j|i) contains the contributions of all the sites "behind" j, as illustrated in Figs. 4a and 4b , and the remaining action involves only i and j because the hopping is only between NN or NNN sites. We note in passing that a generalization to hopping beyond NNN, while possible in principle, will become increasingly complicated. Inserting Eq. (22) into (23) gives a Gaussian integral which can be performed by completing the square, yielding
for the local Green function on sublattice γ, with z γ = z − γ . On the other hand one can obtain a functional equation for Ξ(i|j) by decomposing the Bethe lattice in different ways. Recall that Ξ(i|j) contains the branches which start at the NN sites k of i, where k = j. We can also move one site away from i and consider Ξ(k|i), which contains the branches which start at k's NN neighbors, except i, as illustrated in Fig. 4c . We recover Ξ(i|j) when we multiply the Ξ(k|i)'s, include pieces of the action which connect the B(k|i) among each other and with i and j, and trace over the sites k. Thus we arrive at
where i and j are any two NN sites. Now Ξ(i|j) can be determined from the above relation, using its Gaussian form (22) . Due to the translational symmetry of the infinite Bethe lattice it suffices to consider, say, i = 0 ∈ γ and j = 1 ∈γ. From Eqs. (22) and (25) we then obtain
where
, and the product and sums are over nearest neighbors of site 0 other than site 1. The K × K matrix M in the Gaussian integral and its inverse are of the form
Here a = uγ − zγ and b = t 2 . The Gaussian integration in Eq. (26) is performed by completing the square, yielding
Comparing with Eq. (22) we thus obtain the following system of equations:
with the abbreviation
Local Green function for arbitrary connectivity
For easier discussion of the limit Z → ∞ we use the scaled hopping parameters of Eq. (3). Putting
we find, after some rearrangement,
For givenz, A , B , Eq. (32) is a system of two symmetric equations for G A , G B and we denote the appropriate solution by G γ = f (z, γ , γ ); note that this function does not depend explicitly on K. Inserting Eqs. (32)- (33) into (24) we can then express the local Green function as (13)]. This leads us to the remarkable conclusion that the local Green function G γ (z) for arbitrary K is a rational function of the local Green functions
The function G ∞ γ is determined by Eq. (32) . However, this is clearly the same implicit equation that was obtained in (10) and (15) Finally we note that the unexpected relation (36) can be checked for only NN hopping,
which is indeed fulfilled by the results (6) for this case.
Topological approach
Operator identities for hopping Hamiltonians
Recently a topological approach to the tight-binding spectrum of H kin on the Bethe lattice was developed [14] , which we will extend to the case of additional A-B on-site energies H loc here. We begin with a short review of the method of [14] . Unlike crystal lattices, the (infinite) Bethe lattice has the property that the number of paths between two lattice sites i and j which consist of n NN steps depends only on the topological distance d i,j , but not on the relative orientation of i and j. This "distance regularity" entails polynomial relations [37] among the tight-binding Hamiltonians H d . For the Bethe lattice they are given by [14] 
where U n (x) are the Chebychev polynomials of the second kind [38] . Similar relations involving the Hermite polynomials hold for the infinite-dimensional hypercubic lattice [26, 39] . By contrast, Eq. (38) is valid for any K, including the one-dimensional chain (K = 1) as well as the limit K → ∞. These relations can also be expressed by means of the generating function
From these operator identities one concludes that for the Bethe lattice the eigenstates of any hopping Hamiltonian (1) are the same as those ofH 1 , and its eigenvalues (λ) can be expressed as a function of the eigenvalues λ ofH 1 . The calculation of spectral properties, such as the density of states [14] from this effective dispersion (λ) is then straightforward. The method works well for arbitrary hopping t d since no explicit enumerations are required. We now incorporate the effect of alternating on-site energies [Eq. (2)],
where (−1) i = ±1 for i ∈ A, B, e.g., (−1) i = (−1) di,j for some fixed site j ∈ A. Since the operators H 2d (H 2d+1 ) connect the same (different) sublattices they commute (anticommute) with V , respectively,
where the second equation follows from the polynomial relations (38) between H d and H n 1 . Together with V 2 = 1 we immediately obtain the useful new operator identity
for arbitrary constants α, β. This identity makes it possible to reduce resolvent operators involving V and H 1 to simpler expressions.
As a simple application let us consider only NN hopping (6) . We find by straightforward series expansion and partial fraction decomposition
again with x = (z − A )(z − B ). We therefore conclude that for NN hopping, surprisingly, any Green function for A = B can be written as a linear combination of two Green functions for the homogeneous case, A = B , at other arguments. [14] from the operator identity (39) for the homogeneous case, together with a diagonalization of the 2x2 sublattice problem. This gave From these spectra several effects of frustration may be observed. Beginning with the homogeneous case (Fig. 5 ) the imaginary part of the Green function, i.e., the density of states, is no longer symmetric if t * 2 = 0, as noted in Sect. 2. This is the expected generic behavior for a bipartite lattice with hopping between the same sublattices. Furthermore, as discussed already in [14] , a square-root singularity at one band edge develops for large enough |t * 2 |. For strong frustration one notices the appearance of several additional cusps in both real and imaginary part of the Green function, as well as an increase in bandwidth. It is also apparent that in the limit Z = ∞ the Green function loses some of its features. In this case its real part is linear or even flat in part of the band.
These characteristics persist for the case A = B (Figs. 6 and 7) . In addition the symmetry G γ (z) = Gγ(−z) is absent for t * 2 = 0. For strong frustration more van-Hove singularities appear. We also note that the band gap, which is present for only NN hopping due to the alternating on-site energies, is closed for large enough NNN hopping.
In summary, the Green function for t 1 -t 2 hopping shows several qualitatively new properties, which are likely to have an impact also on its behavior in interacting many-body or disordered systems, in particular for site-diagonal disorder. 
Conclusion
Due to the special topology of the Bethe lattice, the calculation of the Green function of a quantummechanical particle for hopping beyond nearest neighbors seemed untractable so far. In this paper we presented the derivation of an explicit expression for the local Green function for t 1 -t 2 hopping and sublatticedependent on-site energies A , B for arbitrary coordination number Z, employing a set of complementary analytical techniques. Implicit equations for G ∞ γ were derived by RPE. They also follow from a path integral approach, which furthermore yielded the local Green function G γ for arbitrary Z as a rational function of G ∞ γ . It should be noted that such a functional relation between Green functions at different Z is quite unexpected and to our knowledge does not occur for any other lattice. From a topological approach explicit expressions for G γ and G ∞ γ were obtained in terms of the Green function g γ for only NN hopping. We found that NNN hopping makes the density of states asymmetric and may induce additional van-Hove singularities, increase the total bandwidth, and close gaps that were opened by alternating on-site energies. From the experience of these results we conclude that it will be worthwhile to investigate the effects which hopping beyond nearest neighbors has on the physics of interacting many-body and disordered systems on the Bethe lattice.
